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Control Design for Variations in Structural Natural Frequencies
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The lightly damped nature of flexible structures can lead to controllers that are highly sensitive to modeling errors
in structural natural frequencies and damping levels. An approach to directly incorporating these modeling errors
into the control design process is presented that leads to less sensitive and more robust controllers with improved
performance/This approach is used to synthesize controllers for the NASA Langley Mini-Mast experimental
structure. The resulting designs obtain good performance in the presence of significant modeling errors in the
structural natural frequencies.

I. Introduction

MATHEMATICAL models of a flexible structure are often
derived using finite element methods and refined based on

experimental data. A characteristic of these models is that the low-
frequency properties of the structure are more accurately described
than the higher modes. Increasingly stringent performance require-
ments on current and future space structures will require active con-
trol of a number of low-frequency modes while not destabilizing
higher frequency modes. Therefore, not only is improving the ini-
tial mathematical model important, but accurately accounting for the
inevitable errors in these models plays an increasingly prominent
role in the control of lightly damped, flexible space structures.

A number of researchers have addressed controller synthesis
for flexible structures in the presence of neglected or unmodeled
dynamics.1"3 This paper addresses, in addition to unmodeled dy-
namics, the synthesis of controllers for vibration attenuation that are
robust to modeling errors inside the controller bandwidth. These
modeling errors can take the form of inaccurate model shape de-
scriptions, errors in the structural natural frequencies and dynamics,
as well as neglected actuator and sensor dynamics. An approach to
control design for flexible structures based on the JJL framework is
proposed that directly incorporates knowledge of modeling errors
in the natural frequencies in the problem formulation. Experimental
and theoretical results are presented that clearly show the power
of the /z framework for synthesizing controllers robust to natural
frequencies errors.

Aspects of controller synthesis in the presence of natural fre-
quency and damping errors have been addressed by a number of
researchers in the control of flexible-structures area. Collins et al.4
uses a maximum-entropy approach to synthesize controllers ro-
bust to natural frequency. This work employs parameter-dependent
Lyapunov functions and Popov's criterion to include real parameter
uncertainty into the problem formulation. How and Hall5 present
an alternative approach to synthesis based on the Popov criterion.
They design controllers using a nonlinear search algorithm to opti-
mize robustness and performance simultaneously.

The inclusion of real parameter uncertainty directly into the D-
K iteration framework was proposed by Young.6 This method in-
troduces an additional G scaling into the design process. Safanov
and Chiang7 present a method for control design based on opti-
mization techniques that is similar to D-K iteration. Their problem
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formulation incorporates parameter uncertainty into the optimiza-
tion problem governing the control design process. Standard D-K
iteration control design is used by Smith et al.8 and Balas9 with
errors in natural frequencies modeled as perturbations in the state-
space representation of the plant. These perturbations are written as
a linear fractional transformation in the state matrix, and /^-synthesis
techniques are used to synthesize controllers for the resulting sys-
tems. These methods are similar to those presented here.

This paper adds to the literature by presenting a detailed dis-
cussion on how to model and analyze errors in natural frequency
using newly developed real/complex structured singular value (IJL)
algorithms. This allows for the treatment of the real parameter vari-
ations in a less conservative manner. Furthermore, a comprehensive
study of the importance of including modeling error information in
the control problem formulation is presented along with theoreti-
cal and experimental validation of the resulting controllers. Using
this approach, high-performance controllers are synthesized for an
experimental structure in the presence of significant errors in the
structural natural frequencies.

The NASA Langley Mini-Mast facility is used as an experimental
testbed to verify our approach. Section II provides a brief descrip-
tion of the Mini-Mast facility for the context of this work. The vi-
bration attenuation control objectives, performance specifications,
and levels of modeling error are also outlined in this section. A
more detailed description of the Mini-Mast facility can be found
in the references.4'10"12 The structured singular value framework is
described in Sec. III. Real/complex ^ theory, used to analyze the
closed-loop system in the presence of real natural frequency varia-
tions and unstructured complex uncertainty, is presented. Controller
synthesis via D-K iteration is also briefly described.

Modeling natural frequency errors in the /z framework is dis-
cussed in Sec. IV. Natural frequency uncertainty is first posed as
parametric uncertainty in a state-space model of the structure and
written as linear fractional transformation. The relationship between
parametric uncertainty and uncertainty in structural natural frequen-
cies is addressed in Sec. IV.

Formulation of the Mini-Mast control problem in the presence
of natural frequency variations is described in Sec. V. The control
problem involves perturbing the natural frequencies of the nominal
Mini-Mast structure and modeling these errors in the IJL framework.
Input, natural frequency, unmodeled dynamics uncertainty, and per-
formance weights are presented. Five controllers are synthesized for
the system using D-K iteration. Section VI contains the evaluation
of these controllers via theoretical analysis, time simulation, and
implementation on the Mini-Mast experiment. Results of this work
are summarized in Sec. VII.

II. Mini-Mast Facility
The Mini-Mast facility, part of the Control/Structures Interaction

Guest Investigator Program, is used to validate the control design
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326 BALAS AND YOUNG: STRUCTURAL NATURAL FREQUENCIES

approach proposed in this paper. It consists of a deployable and
retractable beam truss designed to represent future deployable space
trusses.4'10'11 The Mini-Mast is an 18-bay, 20.16-m-long truss beam
structure cantilevered at its base from a rigid foundation. The struc-
tural members of the truss are made of a graphite/epoxy composite
material with joints composed of titanium and stainless steel. A ca-
ble is attached to the tip of the Mini-Mast structure to off-load the
350-lb tip mass.

The Mini-Mast facility is instrumented with 51 displacement sen-
sors, three rate gyros at bay 18, and six accelerometers. Four of the
accelerometers are located on bay 18 and two on bay 10. In addition,
there are six actuators on the structure. The three control actuators
are located on bay 18 and the three disturbance actuators are located
at bay 9.

The three torque wheel actuators (TWAs) used for control are
located at the tip platform (bay 18) and are mounted in the x, y, and
z directions. They are denoted TWAX, TWAY, and TWAZ, respec-
tively. The TWA transfer functions between voltage and torque are
represented by second-order transfer functions, Ks/(s + a)(s + ft),
where K ~ 36,000, a = 23.5, and ft = 370.

The TWAs can saturate since the input voltage is restricted to
between ±50 V. This effectively limits the current to the motor, with
the back electromotive force (emf) limiting the speed to 62 rpm. The
disturbance excitations enter the structure via three 50-lb shakers
attached at bay 9 of the structure. The shakers are represented as
constants since their bandwidth is far above the bandwidth of the
system.

Accelerometer and displacement sensors located on bays 10 and
18 are available for feedback. The accelerometers (Sunstrand QA-
1400) have a bandwidth of 0-200 Hz and very low noise charac-
teristics. There are a total of six accelerometers, four of them are
located on the tip platform (bay 18) and two of them are located
at the midplatform (bay 10). There are three Kaman displacement
sensors located at bays 10 and 18. These are mounted on a support
structure parallel to the Mini-Mast platform faces and measure dis-
placement normal to the probe. The Kaman sensors have a range of
±1 in. at bay 10 and ±2 in. at bay 18. They are scaled to ±1 and
±0.5 mV/mil at bays 10 and 18, respectively.

In this paper, only bay 18 accelerometers are used for feedback
control. Results of a previous study in Ref. 12 indicated that using
only bay 18 accelerometers on the Mini-Mast structure for feedback,
with performance specifications on bays 10 and 18, all the desired
characteristics and observations are incorporated in the control de-
sign problem. Bay 10 and 18 displacement sensors are used only
as a performance measure. All the sensors are filtered through a
third-order, 10-Hz Bessel filter prior to digitization.

A. Structural Model
A Nastran finite element model of the Mini-Mast structure was

developed and refined by NASA Langley engineers.11 From this
model, a 28-mode, 6-input, 10-output simulation model was synthe-
sized. Both models correlate well with low-frequency experimen-
tal data. The inputs to the structure are the three control actuators
and three disturbance actuators. The output measurements are the
three displacement measurements at bays 18 and 10 and the four
accelerometers at bay 18. Small deviations are noted between the
28-mode simulation model and physical system. These are attributed
to a higher level of damping present in the actual structure compared
with the model. Little error is observed in the first five-mode natural
frequencies to be controlled.

A reduced-order model of the Mini-Mast structure is formu-
lated for control design based on the first five modes of the
structure. These modes, shown in Table 1, are to be actively
controlled.4'10'12 The remaining 23 modes, between 92.5 and 460.8
rad/s, are accounted for in the control design as unmodeled dy-
namics. Transfer function magnitude plots of the 5- and 28-mode
models from the TWAs to the bay 18 accelerometers are shown in
Fig. 1.

B. Control Objectives
The control objective for the Mini-Mast structure is to attenuate

structural vibration at bays 10 and 18 due to input disturbances at

Table 1 Natural frequencies, damping levels, and modes of
Mini-Mast structure

Mode
number

1
2
3
4
5

Theoretical
frequency, rad/s

5.12
5.12

27.46
40.09
40.46

Theoretical
damping level, %

1.8
1.8
1.2
1.0
1.0

Mode
description

First Y bending
First X bending
First torsional

Second Y bending
Second X bending

Minirnast Reduced Order Model: Tprq Act (4:6) to Bay 18 accel (7:10)

101

Frequency (rad/s)

Minimast Full Order Model: Torq Act (4:6) to Bay 18 accel (7:10)

Frequency (rad/s)

Fig. 1 Transfer function magnitudes from torque actuators to bay 18
accelerometers.

bay 9. The controllers use bay 18 acceleration measurements for
feedback. The TWAs used for control are also located at bay 18,
though they are not collocated with the sensors. Hence, this con-
trol problem includes both noncollocated feedback sensors, though
on the same bay platform, and noncollocated performance speci-
fications on bay 10 and 18 displacements. The controllers need to
be insensitive to variations between the physical structure and its
mathematical model.

The accuracy of the Mini-Mast model lends itself to address-
ing the issue of designing controllers for flexible structure in the
presence of natural frequency variations. The Mini-Mast model is
treated as the actual or real structure in the design process since
it is highly accurate in the frequency range where performance is
desired. Another mathematical model is constructed, which varies
from the accurate finite element model in a predefined manner, and
used as the control design model. As an example, one control de-
sign model has each of the first five natural frequencies of the design
model perturbed by +2.5%. A controller is synthesized based on
the perturbed design model and implemented on the original finite
element model. The same controller is also implemented on the
physical system. The variations or errors in the natural frequen-
cies are accounted for in the control design process with structured
parametric uncertainty models.

III. Structured Singular Value
In order to accurately analyze the robustness properties of our

system with uncertain natural frequencies, we will need to con-
sider a structured singular value (JJL) analysis problem with real
and complex uncertainty. This mixed fJi problem (the uncertainties
are allowed to be real or complex) can be quite different to its more
familiar complex IJL counterpart (all uncertainties are treated as com-
plex), and we will briefly review some of the main analysis results
(see also Refs. 13 and 14).

First we define the mixed ^ problem. Given three nonnegative
integers mr, mc, and mc, let m := mr +mc + mc, and define the
block structure JC(mr, mc, mc) as an m -tuple of positive integers

/C = (1)
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where n = YllLi &/. This determines the set of allowable perturba-
tions, namely define

XK = { A = blockdiag(«I/ t l,..., Sr
mr Ikmr, Sllkmr+l,...,

i 1 (2)

Note that the full complex blocks need not in fact be square, but we
restrict them as such to simplify the presentation. All of the results
that follow can easily modified to handle nonsquare blocks, and
in fact, the software for computing the bounds handles the more
general case.6'15

Definition 1. The structured singular value fJi)c(M) of a matrix
M € C/IX" with respect to a block structure /C(mr, mc, mc) is de-
fined as

fjijc(M) = ( min |a(A) : det(7 - AM) = Ol) (3)
\A€X;c l '/

with mc(M) = 0 if no A e Xjc solves det(7 - AM) = 0.
Note that this definition of /z is identical with the usual one,16'17

except that the allowable perturbation set Xjc has been modified to
allow (repeated) real scalar blocks. New upper and lower bounds
for mixed \JL problems are required. Define the following sets of
block-diagonal scaling matrices:

QjC = {A ex* :*!"€[-! 1UJ**? = L

Af'Af = /*„,.} (4)

£>K = {block diag(Di,. . . , Dmr+mc, </i/*m r + I B c + 1 , . . . , dmclkm) :

0 < Di = D* € C*']Xk i, 0 < di G R} (5)

GJC = {block diag(Gi, . . . , Gmr, Okmr+l,..., Okm) :

G, = G* ec*/x*-'} (6)
Then we have the following upper and lower bounds for mixed /^:

Theorem 1 (lower bound14). For any matrix M € Cnxn and any
compatible block structure /C,

max pR(QM) = /x/c(M) (7)

Theorem 2 (upper bound l3). For any matrix M e Cnxn and any
compatible block structure /C,

inf : |~M*DM + y(GM - M*G)

(8)

Theorems 1 and 2 give us the basis of computation schemes for
upper and lower bounds for mixed \JL problems. These have been im-
plemented as a MATLAB function in Version 2.0 of the ̂  Analysis
and Synthesis Toolbox (^-Tools), which is used to compute all the
mixed ^ analysis results in this paper.15 The frequency-domain use
of /z to examine robust stability and robust performance problems
is still valid for mixed /z problems.18 Mixed JJL plots can still be used
as a necessary and sufficient test for robust performance with linear,
time-invariant perturbations, but now including real parameter vari-
ations in the uncertainty description. This enables us to handle the
robustness analysis of our system with respect to natural frequency
variations in a less conservative manner.

The control design approach used is complex IJL synthesis (for
recent developments in mixed JJL synthesis see Refs. 5-7). This
approach attempts to minimize the complex //, upper bound since
minimizing JJL directly is too difficult. Note that by so doing we are
covering the real parameters with complex uncertainty for design

purposes. Since this clearly has the potential to introduce conser-
vatism into our controller design, the resulting closed-loop systems
will be analyzed with the mixed IJL functions described earlier.

A complex /^-synthesis methodology, D-K iteration is used to de-
sign controllers to achieve the desired robust performance objectives
by integrating H^ control design with complex IJL analysis.5'7'19 The
D-K iteration alternately minimizes the complex IJL upper bound
with respect to K or D holding the other variable constant. Al-
though this iteration scheme is not guaranteed to reach the global
optimum, it has been applied successfully to a variety of different
aerospace applications.3'20'21 More detailed discussions of D-K it-
eration can be found in the references.15'20"23 All controllers are
synthesized and analyzed using the /u-Tools software.15

IV. Parameter Variations
Modeling errors or uncertainties can be described by frequency-

domain or parametric uncertainty.8'9'16 This paper treats parameter
variation in the coefficients of a state-space model as parametric
uncertainty. These coefficients are extracted from the system de-
scription and rearranged so that the perturbations enter the system
in a linear fractional form.24 Sources of parametric uncertainty in
flexible structures include the mass, damping, and stiffness coeffi-
cients or in modal coordinates the natural frequencies and damping
ratios of the structure. These parametric uncertainty models are typ-
ically real variations, with the parameters lying within a range of
real numbers.

The approach taken in this paper for real parameter variations is
to bound them by a complex variation for design purposes. Note that
this may introduce additional conservatism into the control design.
Therefore, it is important to carefully select the way we cover the
real parameters with complex perturbations to reduce the conser-
vatism of their approximation to the real variation. Furthermore, it
is important to then analyze the real parameter variations directly to
verify that this approximation is valid.

In flexible structures, treating the damping and natural frequency
uncertainty individually leads to repeated parametric uncertainties
that are undesirable for the current discussion. Hence we will restrict
uncertainty to the damping coefficient f / and the natural-frequency-
squared term cof. Consider a single-mode transfer function, from
input force to displacement output, with uncertainty in the damping
and natural frequency squared terms:

1
(9)

The transfer function can be represented using state-space notation
as

(10)

""

0
-w2(l+S :

1

1

0

0"
1
0_

and rewritten in the form

where

represents the nominal state-space system and

the perturbed parameters. For a single real parameter, the perturba-
tion matrix is rank 1. Hence in the example stated, the A matrix is

(12)
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The same approach can be expanded upon for any number of per-
turbations. This technique is used to include parametric uncer-
tainty associated with the state matrix A into the control problem
formulation.

Modeling errors in the structural natural frequencies a>, are de-
scribed by variations in the natural-frequency-squared coefficients.
The modal transfer function from input force to acceleration is de-
scribed as

biCis2
for i = 1,2,3,4,5

The perturbations <$/ for each mode are treated as complex un-
certainty in the D-K iteration procedure. Therefore, although no
uncertainty is included directly in the 2&&>,,s term, treating <$/ as
complex serves to introduce uncertainty in this term. This is one of
the beneficial properties of treating errors in the natural frequencies
as frequency-squared complex uncertainty as opposed to a real un-
certainty. Uncertainty in the viscous damping level for each mode
is advantageous since damping values are difficult phenomena to
accurately predict or measure.

One must account for the fact that a variation of a percent in a
natural frequency leads to variations of approximately 2ot percent
in cof when the percentage variations are less than 20%. In the sub-
sequent control designs, each of the five natural frequencies of the
Mini-Mast control design model are described via uncertainty in
&>2. Two parameters are varied in the control designs: the size of the
natural frequency uncertainty and the nominal natural frequencies
in the design model.

Four levels of natural frequency uncertainty, +2.5%, ±5.5%, and
+10%, are used to describe the variation in natural frequency of the
nominal model in the control designs. For each level of uncertainty
a design model is formulated. Increases in the structural natural fre-
quencies are the most difficult variations to design for, therefore
—2.5% and —10% natural frequency variations are not presented.
The design model, which is the nominal model in the \JL synthesis
methodology, takes on the "wrong" nominal natural frequencies at
a percent higher or lower than the "true" model natural frequency.
The Mini-Mast model provided by NASA Langley researchers is
taken to be the true model. By selecting the nominal model natu-
ral frequencies to be perturbed by the same amount of parametric

uncertainty, the true model is placed at the extreme of the set of
uncertain plant models describing the structural system.

V. Problem Formulation
A set of controllers are designed for plant models with deliberately

"incorrect" natural frequencies to mimic the effect of inaccurate
models of flexible structures. The design model natural frequencies
are assumed to be in error, and this error is covered/accounted for by
parametric uncertainty models. The controllers are synthesized to
be robust to the prescribed natural frequency errors. The controllers
are tested and validated on the original "correct" model and on the
experimental structure.

Four controllers are designed for four different levels of paramet-
ric uncertainty in the natural frequencies, the same for each mode,
+2.5%, ±5.5%, and +10%. These controllers are denoted Kp2_5,
Kp5_5, Kn5_5, and KplO. Recall that each of the control design
models had an incorrect nominal natural frequency at a percent
higher or lower than the true model.

A block diagram of the problem formulation is shown in Fig. 2.
The control design model, Minim_mr, consists of the first five modes
of the Mini-Mast structure. Frequency-squared complex uncertainty
is used to account for errors in the structural natural frequencies in all
of the control designs discussed in this paper. The natural frequency
variations are described by complex perturbations in the /i-synthesis
procedure and as real parametric uncertainty in the analysis problem.
Here, 5i, #2, £3, &b and 85 represent variations in the first five natural
frequencies, respectively.

There are two sources of complex uncertainty. Uncertainty in
the TWA models is represented as a constant, 2% input multiplica-
tive uncertainty to the actuator. This level was determined to be the
most suitable input uncertainty description from a performance-vs-
robustness study performed on the Mini-Mast facility.12 W_act_out
is taken to be 0.02 and W_act_in is taken as 1. An additive uncer-
tainty model is included to account for the high-frequency dynamics
of the Mini-Mast structural model neglected in the design model and
neglected actuator and sensor dynamics. The unmodeled dynamics
correspond to the 23 modes between 92 and 461 rad/s. The additive
uncertainty weight requires a prescribed level of roll-off of the loop
gain, which in effect requires the unmodeled high-frequency struc-
tural modes to be gain stabilized by the controllers. This weight is

Displacement
Output
Penalty

Disturbance
Input

W_act_out \+\ AM H W.act-

Control
_+_ Action

Penalty

Fig. 2 Control interconnection structure with natural frequency variations.
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split into W_add_out and W_add_in to improve the initial
problem:

control mu Plot for Controllers Kn5J (solid) and Kp5_5 (dashed)

W_add_out =

W_add_in =

0.25 (s2 +25.46*+ 324)
52 + 1414s + 100,000

77.8Qy2 +42.43s+ 900)
52 + 282.845 + 40,000

Balancing the additive uncertainty weights is not necessary, but it
is done to numerically aid the D-K iteration and reduce the order
of the D scalings.

The performance specification of attenuating the vibration of
the first five modes is introduced into the problem formulation by
weights on bay 10 and 18 displacements. The performance weight-
ing functions are scaled such that when the weighted H^ norm
between the disturbances and displacements is below 1, the desired
performance is achieved. The disturbance enters the structure via
exciters at bay 9. A frequency-domain weight, Dist_wt equal to
31/(5 + 31), is used to model the 10-N, 0.1-s impulse disturbance
to each exciter. PerLdisp weights on bay 10 and 18 displacements
are taken to be 4000 and 20,000(5 + 0.5)/(5 + 50), respectively.
The performance objective corresponds to reducing the peaks in the
transfer functions between the exciter inputs and displacement out-
puts. The weighting on the actuator command, Act_mag, is 1. This is
similar to allowing the torque actuators to supply a maximum torque
of ±8 N • m to attenuate the 10-N, 0.1-s impulse disturbance.

The feedback accelerometers are filtered with a third-order, 10-
Hz Bessel filter. The Bessel filter is modeled as (1 - 0.0155)/(1 +
0.0155) to account for the low-frequency phase lag of the filter.
The phase characteristics play a much more important role in the
controller design than their magnitude attenuation. The noise weight
on the filtered accelerometers is modeled as 10~5. A Fade delay
model, (1 - 0.0055)/(1 + 0.0055), is used to represent the time
delay associated with the digital implementation of the control laws
at 80-Hz sample rate. A block diagram description of the control
problem formulation is shown in Fig. 2.

VI. /^-Synthesis Controller Designs
Four controllers are synthesized for the four different variations

in natural frequency of +2.5%, +5.5%, -5.5%, and +10%. All
controllers achieved a JJL value less than 1 with all of the perturba-
tions blocks treated as complex uncertainties. The nominal inter-
connection with uncertainty and performance weights has 43 states.
Constant D scalings are used for the natural frequency, # 1 , . . . , £5,
and multiplicative uncertainty, AM. First-order D scales are used to
fit the additive uncertainty data AA. The resulting controller has 49
states.

The state order for controllers Kn5_5, Kp5_5, Kp2_5, and KplO
after reduction using balanced realization techniques was 11,18,34,
and 30, respectively. Structured singular value (/x) plots for these
controllers are shown in Fig. 3. The structure of the uncertainty de-
scription plays a major role in the controller analysis and synthesis.
Ignoring the structure of the problem formulation and calculating
the maximum singular value from the inputs to the outputs of the
closed-loop system with controller KplO implemented leads to an
#00 -norm of 470.

The four controllers are analyzed using the real/complex \JL anal-
ysis techniques discussed in Sec. III. Recall that complex //, is an
upper bound on real/complex /z; hence the controllers will all have
mixed JJL values less than 1. For all the mixed and complex \JL prob-
lems the upper and lower bounds were almost identical across the
entire frequency range, so that for clarity of presentation only the
upper bound is plotted in each case. Figure 4 is a comparison be-
tween complex and real/complex ^ of the closed-loop system with
controller KplO implemented. In the mixed analysis, the paramet-
ric uncertainties associated with the frequency-squared variations,
S i , . . . , <55, are treated as real (as opposed to complex) scalar un-
certainties. The two /x plots differ only slightly, indicating that the
control design process is not overly conservative in treating the
frequency-squared uncertainty as complex rather than real uncer-
tainty. This is the main reason why controllers designed for ±10%

10° 10' 102 103

Frequency (rad/s)

mu Plot for Controllers Kp2_5 (solid) and KplO (dashed)

10-' 10° 10' 102 103

Frequency (rad/s)

Fig. 3 Complex ̂  plot of controllers Kn5_5, Kp5_5, Kp2_5, and KplO.

variation in natural frequencies perform well when implemented on
the experimental Mini-Mast structure.

Controller Knom is analyzed for the same problem formulation
as is used in the design of controller KplO with +10% variation
in the first five natural frequencies. Controller Knom was designed
for the block diagram formulation shown in Fig. 2 using the correct
Mini-Mast model with no uncertainties in the structural natural fre-
quencies. Therefore, one would expect this controller not to exhibit
the same robustness characteristics as controller KplO. This is in
fact the case. The complex and real/complex ^ plot of the closed-
loop system with Knom implemented, shown in Fig. 4, indicates that
there is a perturbation at 40 rad/s (the second bending modes) that
would cause significant degradation in performance and robustness
of the closed-loop system.

Controller Knom performs well on the Mini-Mast experiment be-
cause it was designed using the correct structural model. However,
its lack of robustness to natural frequency variations indicates that,
if such an accurate model had not been available, the performance
would have been poor. In particular, if we had carried out this design
using one of the wrong nominal models but without including uncer-
tainty in the natural frequencies, then we would not have obtained
a satisfactory design.

The sensitivity of Knom to perturbations in the second bend-
ing modes may be explained by the Bode plots of controllers
Knom and KplO (Fig. 5). Knom has a definite notch in its
Bode magnitude plot at approximately 40 rad/s, whereas KplO
has no notch, as seen in Fig. 5. The ^-synthesis method-
ology put an approximate notch filter at the second bending
modes, since Knom was designed with no parametric uncer-
tainty in the structural natural frequencies. Controller KplO, which
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10° 10'

Frequency (rad/s)

Knora

Complex mu (solid)
Real/Complex mu

Frequency (rad/s)

Fig. 4 Complex vs real/complex p, plots for controller KplO and Knom
with 10 % natural frequency uncertainty.

was synthesized by accounting for natural frequency uncertainty,
does not try to notch out the second bending mode. Instead,
the controller sacrifices performance, in terms of vibration at-
tenuation, by reducing the magnitude of the controller in the
40-rad/s frequency range. This makes KplO less sensitive to varia-
tions in the natural frequency of this mode with minimal degradation
in performance. Hence by accounting for natural frequency varia-
tions in the design process, we were able to achieve the desired level
of both robustness and performance of the Mini-Mast structure in
the presence of significant natural frequency variations.

The real/complex /z computational bounds discussed earlier are
extremely important in providing the control engineer with a method
of determining the effect of real parameter perturbations on the
closed-loop system and of finding problem real parameter perturba-
tions for the system. These real parameter perturbations may help
the structural designers determine how to better design the structure
prior to trying to control it.

Each controller is simulated with the corresponding design model
and the true Mini-Mast model. Recall that the control design models
have the first five natural frequencies perturbed from the true Mini-
Mast model. All the controllers are stable and achieve varying levels
of performance on the simulation models. Table 2 contains a list of
the open- and closed-loop damping values of the first five modes of
the Mini-Mast structure with controllers Kn5_5, Kp5_5, Kp2_5, and
KplO implemented. Time simulation results, run at 80 Hz sample
rate, validate that controllers can be designed to directly incorporate
natural frequency uncertainty in lightly damped, flexible-structure
control problems.

Controllers Kn5_5, Kp5_5, Kp2_5, and KplO are discretized at
80 Hz and implemented on the Mini-Mast experimental structure.

Table 2 Open- and closed-loop damping values with Kn5_5, Kp5_5,
Kp2_5, KplO implemented on 28-mode simulation model

Theoretical modal damping percentages

Controller Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Open loop
Knom
Kn5_5
Kp5_5
Kp2_5
KplO

1.8
47.8
53.5
35.5
45.8
36.4

1.8
47.5
54.7
35.9
46.8
36.8

1.2
33.7
54.7
25.3
76.6
84.3

1.0
3.90
1.75
3.64
2.77
0.40

1.0
11.59
1.79
3.63
2.77
1.00

Bode Plot of Controller Knom
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Fig. 5 Bode plots of controllers Knom and KplO.

The Mini-Mast structure is disturbed with a 50-N, 0.1 -s impulse into
exciter A and the goal is to attenuate the response of the structure at
bays 10 and 18. All four controllers designed for natural frequency
uncertainty performed well when implemented on the system. Con-
troller Knom is included for comparison purposes and, as one would
expect, it achieved the highest level of performance (Fig. 6). Exper-
imental data with controller KplO implemented on the Mini-Mast
structure is shown in Fig. 7.

Comparison of the open-loop response of the structure (Fig. 6) and
the closed-loop response (Figs. 7 and 8) indicate that all controllers
significantly attenuate vibration. Experimental results also correlate
well with time simulations of the Mini-Mast structure. Controller
Kp2_5 achieves a similar level of performance as compared with
controller Knom (Fig. 8). This is expected since the additional nat-
ural frequency uncertainty is relatively small, ±2.5%. The perfor-
mance level of controller KplO, designed for ±10% uncertainty in
the first five natural frequencies, is slightly degraded from both con-
trollers Kp2_5 and Knom (Figs. 7 and 8). Closed-loop performance
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, xlO-3____Bay 18 Disp A, B. C - 50N, 0.10 sec impulse to exciter A
Open-Loop

1.5 2 2.5 3 3.5 4 4.5 5
Time (seconds)

xIQ-4 Bay 10 Disp A, B, C - 50N 0.10 sec impulse to exciter A
Experimental

Data

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (seconds)

Fig. 6 Mini-Mast open-loop experimental displacement responses of
bays 18 and 10.

xlO-3____Bay 18 Disp A, B, C - 50N 0.10 sec impulse to exciter A
Controller Kp 10 Experimental

Data
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Disp B (dashed)
Disp C (dotted)
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Fig. 7 Experimental displacement responses of bays 18 and 10 with
KplO implemented.

xlO-3 Bay 18 Disp A, B, C - SON. 0.10 sec impulse to exciter A
Controller Knom Experimental

Data

Disp A (solid)
Disp B (dashed)
Disp C (dotted),

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
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Bay 10 Disp A, B, C - 50N, 0.10 sec impulse to exciter A
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e

Experimental
Data
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Disp C (dotted)
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Fig. 8 Experimental displacement responses of bays 18 and 10 with
Knom implemented.

is sacrificed in order to be robust to errors in natural frequencies
of ±10%. All of the controllers command less than +50 N/m of
torque from the TWAs during the experiments.12 Hence, we have
shown that for this problem controllers can be synthesized directly
for uncertainty in structural natural frequencies using the JJL frame-
work, though performance is sacrificed to achieve the additional
robustness of the control designs.

VII. Summary and Conclusions
This paper employs the ̂  framework to synthesize controllers for

a flexible structure by directly incorporating knowledge of the mod-
eling errors in the natural frequencies in the problem formulation.
The ability to accurately include these errors leads to controllers
that are less sensitive and more robust to such model inaccuracies.

It is shown that complex /^-synthesis techniques can be used to
intelligently account for these variations in natural frequency in
the design process. A set of controllers are designed for different
levels of errors in the structural natural frequencies and perform,
as predicted, when implemented on the Mini-Mast experimental
structure. This further validates the proposed approach.

Recently advances in the computation of the structured singular
value (JJL) have been made that provide tighter bounds for the analysis
of systems in the presence of real and complex uncertainty. These
techniques are employed to analyze the controllers synthesized to
be robust to real parametric uncertainty in the control design model
and validate that for this problem the above approach handles the
real parameter variations with little conservatism.

It is important to note again that all controllers synthesized for the
system with uncertainty in the natural frequencies used an incorrect
model of the Mini-Mast structural natural frequencies. These exper-
imental results are impressive, since they indicate that this method-
ology enabled us to design high-performance controllers despite a
low-fidelity model.
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